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NON-GENERICITY OF VARIATIONS OF HODGE 
STRUCTURE FOR HYPERSURFACES OF HIGH DEGREE 

EMMANUEL ALLAUD 


Abstract. In this paper we are interested in proving that the infini¬ 
tesimal variations of Hodge structure of hypersurfaces of high enough 
degree lie in a proper subvariety of the variety of all integral elements of 
the Griffiths’s transversality system. That is this proves that in this case 
the geometric infinitesimal variations of Hodge structure satisfy further 
conditions than just being integral elements of the Griffiths’s system. 

This is proved using the Jacobian ring representation of the (primitive) 
cohomology of the hypersurfaces, and a space of symmetrizers as defined 
by Donagi, but using it here to identify a geometric structure carried by 
the variety of all integral elements. 

This paper proves an extension of a result obtained by the author in his 
PhD thesis |Alin2j about the “non-genericity” of infinitesimal variations of 
Hodge structure of hypersurfaces : 

Theorem 1. The infinitesimal variations of Hodge structure of hypersur¬ 
faces of dimension 3 and degree 6 lie in a proper subvariety of the variety of 
all integral elements of the Griffiths’s transversality system. 

The theorem proved here extends this result to infinitesimal variations of 
Hodge structure of all hypersurfaces of big enough degree, more precisely: 

Theorem 2. The infinitesimal variations of Hodge structure of hypersur¬ 
faces of dimension n > 3 and degree d > n -\-3 lie in a proper subvariety of 
the variety of integral elements of the Griffiths’s transversality system. 

The proof of theorem ^ can be sketched as follows : first we established 
that there is an isomorphism between a space of symmetrizers and a fiber of 
a projection of the integral element of the Griffiths’s differential system to 
a grassmannian. Secondly we calculated that for a generic integral element 
its projection on the grassmannian has a trivial corresponding space of sym¬ 
metrizers. We concluded by proving that an infinitesimal variation of Hodge 
structure of hypersurfaces of dimension 3 and degree 6 projects on a point 
of the grassmannian with a non-trivial corresponding space of symmetrizers. 

So the map we will follow here is : in the first section we will define the 
necessary constructions, notably the symmetrizers correspondence and the 
projection from the space of integral elements of the Griffiths’s differential 
system on the grassmannian. 

Then we will compute the rank of equations defining the symmetrizers in 
the second section, and prove in a third one a technical proposition about 
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certain inequalities satisfied by the Hodge numbers and the dimension of 
infinitesimal variations of Hodge structure for hypersurfaces variations. 

The last section will be devoted to the proof of the theorem O 

1. The projection of the integral elements of the Griffiths’s 

SYSTEM TO A GRASSMANNIAN, THE SYMMETRIZERS CORRESPONDENCE 

Let us fix some notation (see |CGGH8^ and |MayOQ| for more details) : 

Definition 2.1. An integral polarized Hodge structure of weight n is given 
by Lfz, a free abelian group equipped with a intersection from Q (the polar¬ 
ization) which is symmetric if n is even and alternating otherwise, together 
with the following decomposition oi H = ® C 

0 

0<q<n 

such that = Lf"--'?-'? and also 

f Vg / n - g', Va e (5 e ,Q{a,P) = 0 

We note LL? := hom(iL"'“'^’'^, ^nd we will consider (Bo<q<n-iH'^ 

as a subset of hom(Lf, H). We also define the following map for 0 < g < n—1: 

(1) TTq :hom{H,H )— > 

CX I ^ CX^Jj7i — q,q 

Remark. is natural projection of ®o<a<n-iH°‘ on 

The periods space (i.e. the set of all polarized Hodge structures with fixed 
Hodge numbers and polarization Q) is the homogeneous variety D ~ G/P 
(with G = SO{H,Q) and P a parabolic subgroup). We note g, p the Lie 
algebras of G and P. Then g is given by: 

(2) g = {a: G End(lL) | ^XQ + QX = 0} 

We can also consider the following subspaces of End{H): 

(3) End{H)P’-P = {X e End{H) | Vr + s = n, X{W’^) C 
and then define gP~P := g n End{H)P~P. We also note 

0 ° = 0 - = 0 0 ^’-^ 0 + = 0 0 ^’"'’ 
p<o p>o 

So that we have 0 = 0“ © 0*^ © 0^. Moreover we have that p = 0*^ © 0'*“ and, 
as D ~ G/P we conclude that 

ThD ~ g“ 

We fix a Hodge frame (i.e. a Q-unitary basis of H adapted to the Hodge de¬ 
composition), which fixes the isomorphism End{H) ~ M(i{C) {d = dimP). 
Moreover as the basis is adapted to the Hodge decomposition we have a 
block decomposition of the matrices of Mrf(C) : 

A e Md{C),A = (A*)o<jj<n where yi,j,A"j G Mf^n-i.i^hr.-j,j{C) 
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where ~ So now for A G g C 

End{H) we can rewrite the equations (|21) in matrix form. First let write 
the matrix of the polarization form Q : 


( 4 ) 


VO <i,j < n, 


f Q^j — 0 G Mf^n-i,i^f^n-j,j[C) if j 7 ^ n i 
Qn-i = 


This is becanse the basis is a Hodge frame. So \/—l ”Q is an anti-diagonal 
block matrix, and the anti-diagonal blocks are of the form (—1)*/ where i is 
the block column. So the equations © defining g = so((5) now read : 

(5) H = {A)) G g ^ VO < i,j < n, = 0 

We look now at the equations satisfied by the first sub-diagonal, i.e. the 
Aj'^^ blocks (or say differently the g“^4 components). We have 

VO < i < n - 1, = 0 

(6) ^ chi = ‘AjA 

For odd weight n = 2m -|- 1 we then have that that is 

is symmetric. 


Example. The weight 3. We have 




0 0 0 -43,0xh0.3\ 

0 0 42,lxhl.2 0 

0 -4l.2xh2,l 0 0 

0 0 0 / 


\4o.3xh3.0 

then using the equations © the block decomposition of a matrix H G g is 


/ 0 0 0 0 \ 

0 0 0 
Al Al 00 

-\Al) \Al) o) 


with Hq and symmetric. 


For a family f : X ^ S (here we will assnme S contractible) of projective 
smooth manifolds, we can constrnct the period map to the corresponding 
period space D (the one with the corresponding Hodge numbers and polar¬ 
ization): 

P:S^D 

It is known, see |Grib8j that P is a holomorphic map. We want to stndy it 
infinitesimally, and for that we need the notion of infinitesimal variation of 
Hodge structnre. Before introducing this notion we state the major theorem 
abont the infinitesimal behavior of the period map, see (HrMHl: 


Theorem 3. Griffiths’s transversality: 

Let f : X ^ S a family of smooth polarized projective varieties with S 
contractible, and P : 0 € S ^ D its period map then we have 

p,{ToS) c y 
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Where we have defined V = ©i<p<n p,HP 

Remark. The transversality condition says that the period map satisfies par¬ 
tial differential equations. And those PDEs induce compatibility conditions 
(that is when you take second order derivatives, new conditions appear), 
namely: 

Va,/3ero(5),[P*(a),P*(/3)] =0 

where [u,v] = uov — vou is the commutator on End(P). 

Moreover using the Lie algebra notation introduced earlier, V = 

It is then natural to give the following 

Definition 3.1. An infinitesimal variation of Hodge structure of weight n is 
given by Hz, H = Hz ® C and Q so that {Hz, H, Q) is an integral polarized 
Hodge structure of weight n and a map from a C-vector space T: 

6:T^V 

such that 

ya,peT, [5(a), 5(/3)] =0 

Remark. In our context, using residues theory (see below) P is always an 
immersion, so we will omit the map 6 and consider infinitesimal variations 
of Hodge structure as vector subspaces of commuting endomorphisms of V. 
Moreover we will use sometimes the term of integral element of the Griffiths’s 
system as a synonym for infinitesimal variation of Hodge structure (this 
terminology comes from the theory of exterior differential systems). 

Definition 3.2. Let 14 denote the set of infinitesimal variations of Hodge 
structure of dimension k, then 14 © G{k,V). In fact 14 is an algebraic 
subvariety of G{k, V) (this is a classical fact from exterior differential systems 
theory for the set of integral elements of a differential system). 

The linear maps tt^ defined by o induce for i G {0,..., n} the following 
map: 

pr.G{k,V)^G{k,W) 

Proposition 3.1. For all i G {0, ...,n}, pi : G{k,V) —> G{k,H'') is a 
rational map. 

The proof is done by remarking that the restriction of pi to a suitable 
Zariski open subset is just a linear projection. 

Remark. Actually there is a Zariski open subset U of G{k,V) on which all 
the Pi’s are regular {U is the intersection of Pliicker coordinates charts). 

This leads us to the following 

Definition 3.3. We define the regular maps pi := Pi\u- 

Originally defined by Donagi in jDonHH], the symmetrizer space of a bi¬ 
linear map has been successfully used to prove, among other facts, Torelli 
theorems. We give here the general definition, and then give a proposition 
which shows a link between certain symmetrizers (not the same that appear 
in Donagi’s theorem) with the geometry of 14. 
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Definition 3.4. Let E, F, G be vector spaces and B : E x F ^ G a bilinear 
map. We de fin e 

Symm(S) = {g G h.om{E, F) \ Va, a' G E, B{a,q{a')) = B{a' 

Proposition 3.2. For any E^ G G{k,H^), we define the following bilinear 
map: 

(J)EO :E^ xW —> 

(a, 13) I—> P o a 

then we have for n > 3 

Pi{Pq^{E^) n 14) ~ Symm(/>£;o 

Remark 3.1. Let us note r = [(n — l)/2]. Using the fact that an integral 
element is determined by its projection on 0o<m<r because the other 
projections are then given by the equations we will make the abuse 
to only work on the first projections of an integral element to lighten the 
notations in the proofs. 

Proof. Let E G Pq ^(i?°)nl4. Then aspo{E) = E^ and dimS = k = dimS°, 
then E £ U where U is the following Zariski open subset of G{k, V) (which 
is a local chart for Plucker coordinates): 

U = {F £ G{k, V) I po{F) n W = {0}} 

where W C is such that = W®E^. 

Remark : U £\Vk % because as n > 3, E^ is an infinitesimal variation of 
Hodge structure (using here the abuse of notation) , i.e. E^ £ U FVk- 
Moreover if we fix a basis (Q;§)i<a<A: of E^, a basis (o;Q)fc_|_i<s<(jim_H '0 of W 
and (am)i<*<dimH'’" of (with 0 < m < r), every F £ U admits (/3“) as 
a basis, where we have defined: 

= ccg + qfaQ + (we use the summation convention) 

The qf,lf^ are the Plucker coordinates of T in U; we use the following 
classical isomorphisms: 

U ~ TeoU ~ TEoG{k, V) ~ hom(L;°, V/E^) 

Moreover V/E^ W + + ■ ■ ■ + , so finally we have 

( 7 ) e:hom{E^,W + W + --- + W)^U 

q I—> (oq + qiao) \ l <a<k) 

We set 

TT : hom(L;°, W + W + ■ ■ ■ + W) —> hom(L;°, W) 


q 


pioq 


We now have the following commutative diagram (where the isomorphism (p 
is obtained by factorisation) 


(8) 


hom{E^,W + W + ■■■ + H^) —^ U 


TT 


Pi 

- Pi{U) 


hom{E^,W) 






6 


EMMANUEL ALLAUD 


To complete the proof we have to prove that ip ^{pi{pq ^{E^))) = Symm-^go. 
Now let E G Pq^{E^) C U H 14, and 

q = e-\E) G hom(£;°, W + + ■ ■ ■ + 

We want to prove that pi o g G Symm(/)^o. Let ao, f3o G E^, we have 
cl)Eo{ao,pi o q{/3o)) = {pi{q{Po))) o ao 

But by definition of 9, P = Po + q{f3o) G E. Moreover as S G Pq^{E^) there 
exists a € E such that po{a) = ao, and remarking that for i G {0,... ,r}, 
Pi{a) = we have 

{ OfQ = O!.^fjn,0 

piiqiPo)) = piiPo + qiPo)) = piiP) = P\H’--hi 

because pi{P) = Pi{Po + q{Po)) = Pi{q{Po)) because pi{Po) = 0. Then we 
can go on 

pEo{ao,Pi{q{PQ))) = {pi{q{Po))) o ao 

= (/3o a)|J^n.O 

= (a o P)^^n,o because E is abelian 
= Qf|^n—1,1 O /3|^n,0 

= pEo{Po,q{ao)) 

which proves that pi o g G Symm((/)£;o) □ 

2. Rank of symmetrizers equations 
I n |Alin2j we proved the following 

Lemma 3.1. Let , G^, G^ be three C-vector spaces, and assume that we 
have 

dim G^ = p dim G^ with p G N* 

For each E C hom(G‘’,G^), we consider the following bilinear map 
Pe-Ex hom(Gi, G^) —. hom(G°, G^) 

(a, P) I—> P o a 

If dimG° > 1, for all integer k such that 3p < k < dimhom(G‘^, G^) and for 
any generic E G G(fc, hom(G*^, G^)), we have : 

Symm(pE) = {0} 

We now want now to relax the hypotheses of this lemma (specifically we 
want to get rid of the hypothesis asking that dim Go | dimGi) to broaden 
its scope of application. We first prove the following 

Lemma 3.2. Let G^, G^, G^ be three C vector spaces, and assume that 

dimG° > dimG^ > 1 

For each E C hom(G‘^,G^), we consider the following bilinear map 
Pe-Ex hom{G\G^) —^ hom(G°, G^) 

(a, P) I—>■ P o a 
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Then we have two cases ; 

If dim = 1, then for any integer k such that 2 < k < dimhom(G‘^, 
and for any generic E G G{k,h.om{G^,G^)) we have 

Symm{<j)E) = {0} 

If dimG^ > 1, then for any integer k such that 3 < k < dimhom(G‘^, G^) 
and for any generic E G G(fc, hom(G°, G^)) we have 

Symm{<j)E) = {0} 


Proof. The condition Symm{4>E) = {0} is open because it is a maximal rank 
condition on linear equations. It is then sufficient to find E C hom(G‘^, G^)) 
satisfying dim£' = 2 or 3 such that Symm{(fE) = {0} to prove the lemma. 

Let first treat the case dimG^ = 1. For any v G G^ \ {0} we have 
G^ =< V >, and let (iii)i<i<dimGO be a basis of G*^. We then set 


E —< CKi, 0L2 > 


with for a = 1, 2 


Vf Oj CXai'^i') — 0 


Then let q G Symm{(j)E), we have 


q{ai) o a 2 = q{a 2 ) o ai 

VI < i < dimG°,g(Q;i) o a2{ui) = q{a2) o ai{ui) 


j q(ai) o a2(ui) = q(a2) o ai(ui) 
|g(Q!i) o a2(u2} = q(a2) o ai(u2) 

fo = q{a2){v) 

|g(ai)(u) = 0 
q{a2) = q{ai) = 0 
g = 0 


which proves the lemma in this case. 

Now we treat the second case : dimG^ > 1. We can choose an inclusion 
hom(G^,G^) C hom(G'^,G^) for dimensions reasons. But dimG^ > 1, so we 
can apply the lemma [TTI to the three vector spaces G^,G^,G^ (here p = 1) 
to obtain E G G(3, hom(G^, G^)) such that Symm{(fj^) = {0}. Then, using 
the above inclusion, we obtain an element E G G(3, hom(G*^, G^) such that 
Symm{4>E) = { 0 }. □ 

We can now extend the lemma O: 


Proposition 3.3. Let G^, G^, G^ be three C-vector spaces. For all E C 
hom(G‘^,G^), we consider the following bilinear map : 

(j)E- Ex hom(G\ G^) —> hom(G°, G^) 

(a, (3) I—> (3 o a 


Let p = 


dimGi-l 
dim G« 


+ 1, p G N* 


If dim G^ > 1 then for all 3p < k < dimhom(G°, G^) and for any generic 
E G G(A:, hom(G*^, G^)) we have 

Symm{4>E) = { 0 } 
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Remark. This is actually a generalization of lemma ITTI because if dimG^ = 
mdimG^, with m G N*, we have : 

dim — 1 


dim 


+ 1 = m 


Proof. If dim G^ < dim G^, then p = 1 and the lemma EH gives us the con¬ 
clusion. 

If dimG^ = mdimG*^, we apply lemma ITTI icf the above remark) to con¬ 
clude. 

Else, we choose an isomorphism 

Gi ^ (gO)P-^ 0 

we then have 1 < dimG^ < dimG*^ and, applying lemmato 
we obtain an element E G G{k,h.om{G^,&)) (with A: = 2 or 3) such that 
Symm{(j)p;) = { 0 }. 

Similarly, applying lemma lTTI to ^ , G^, we obtain E' G G{3{p— 

l),hom(G°, (^G^Y ^)) such that Symm{(f)Ei) = {0} and then setting 

E = E' ® E G G{3p - 3 + k,\ioiri{G^,GY) 

we have Symm{4>E) = {0}. But as A: = 2 or A: = 3 we have 3p — 3 -|- A: < 3p, 
and the proposition is proved. □ 


3. Inequalities satisfied by the infinitesimal variations of 
Hodge structure of hypersurfaces 

Now we want to prove that inhnitesimal variations of Hodge structure of 
hypersurfaces satisfy inequalities in order to apply the preceding proposition 
to them. 


Proposition 3.4. Let E be an infinitesimal variation of Hodge structure of 
hypersurfaces of dimension n > 3 and degree d > n + 3. We then have the 
following inequality: 


(9) 


dimEi > 3 X 




Proof. The proof is based on Griffiths’s residues theory (cf |Gri69j. or for a 
shorter introduction |Don83|b 

Let first fix some notations. Let V = S = S{V) the symmetric 

algebra of V (homogeneous polynomials in n -|- 2 variables). Let f G S'^ and 
X be the hypersurface dehned as the zeroes of f {X = {x G FV \ f{x) = 0}, 
dimX = n and degX = d). We assume here that X is smooth. We fix a 
coordinates system {xi)i<i<n +2 on V (by hxing a basis) and then set : 

J = ( TT^ ) the Jacobian ideal of / 

V5®*/l<i<n+2 

Moreover we see X as a point in X the universal variation of Hodge 
structure of hypersurfaces of dimension n and degree d, and we let E be 
an inhnitesimal variation of Hodge structure above X (i.e. E = Pi,x{TxX), 
where p is the period map). 
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The residues theory then gives us the following isomorphisms : 

j^d —(n+2) 

—1,1 —(/i+2) 

Rd 


So now the inequality 
(10) dimi?'^ 

We will in fact proves 


we want to show becomes : 

. ’dimi22'i-(>^+2) _ 1 

> 6times 


+ 1 


dimi?'^-(”+2) 
the following one which implies m ■■ 


(11) 


dimi?^ > 3 X 


dimi?2<i-(>^+2) 
dim Rd-{n+2) 


The proof is in two steps : first we will show that this is true for each n > 3 
and d = n + 3, then remarking that for any fixed n > 3, dimi?'^ is an 
increasing function of d, we will conclude the proof in a second step which 

Him (n+2) _ 

will consist m proving that the quotient is a decreasing function 

of d. 

Before proving the first step, we calculate the dimension of the graded 
pieces of R of interest. We have Rd-{n+2) _ gd-{n+2) because jd-{n+2) _ 
{0} as d — (n + 2) < d — 1 and so we get 


h-’O = dimd2''-("+2) = + 2)+n + 2-l\/ 

V d-(n + 2) J V 


d- 1 
n + 1 


We also have 

= dimi?2'^-("+2) = dim 52 d-(n+ 2 ) _ ^i^j2d-in+2) 


But as J is generated by polynomials that form a regular sequence, we have 

that J^d-in+2) ^ jd-1 ^ g2d-{n+2)-{d-l) gd-in+l) 


h 


n—1,1 _ 


2d — (n + 2) + n + 2 — 1 


2d — (n + 2) 

"2d - 1 
n + 1 
"2d - 1 
n + 1 

In the same vein we calculate 


- (n + 2) 


- (n + 2) 

- (n + 2) 


d 

d — (n + 1) 
d 

n + 1 


dim E = dim = 


d — (n + l)+n + 2 — 1 
d — (n + 1) 


d + n + 1 
n + 1 


- (n + 2)^ 


We now prove the first step : the inequality mu is true for n > 3 and 
d = n + 3. 

We have 


( 12 ) 


^n—1,1 

dim£' — 3——^ 

hn,0 


f2n + 4\ 

Vn + iy 


(n + 2)2 -3 


^271+51 
f n+1 J 


(n+2\ 

\n+l) 
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At one hand we can pose 


A-n — 


2n + 4\ , ClTh 

n + 1 / n + 2 
(2n + 4) ■ ■ ■ (n + 4) (2ra + 5)... (n + 5) 
(n + 1)! (n + 2)(n + 1)! 


(2n + 4)... (n + 5) 
(n + 1)! 


n + 4 — 3 


2n + 5 
n + 2 


(2n + 4)... (n + 5) + 6n + 8 — 6n — 15 

(n + 1)! n + 2 

(2n + 4)... (n + 5) v? — 7 
(n + 1)! n + 2 


so that An > 0 as soon as n > 3. 
At the other hand we have 


P I 042 I ^(n + 2)2(n + 3) 

B„--(n + 2) +3 2(„ + 2) 


n + 3 


—2n — 4 + 3n + 9 


n + 5 


= (n + 2) [ —n — 2 + 3 


= (n + 2) 
= (n + 2) 


And so > 6 for all n G N*. But as dim£' — + Bn this 

concludes this step. 

We now pass to the second step : we prove that for a fixed n > 3, the 
quotient is a decreasing function of d. 

/ 7 \ Him (n+2) 

Let us nx n > 3, and note r = ryd) = then have 


r = 


&~iV(^+2)Ui) 

(2d-l)! _ {n+2)d\ 

(2d-(n+2))! (d—(n+1))! 


(d - (n + 2))! 


(d-1)! 

We now note r' = so we have 


/ 

r = 


(2rf+l)! _ (n+2)(d+l)! 
(2rf—n)! (rf—n)! 


(d - (n + 1))! 


d! 


Then we want to prove that r > r'. We have 

(2d-l)! (n + 2)d! 


, (d-(n + 2))! 

=-d^- 


(2d-(n + 2))! (d-(n + l))! 

(2d + 1)! (n + 2)(d + 1)! 


- (d- (n + 1)) 


(2d —n)! (d —n)! 
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SO r — r' has the sign of 

Sd = d [{2d — 1)... {2d — n — 1) — (n + 2)d... {d — n)] 

— {d — n — 1) [{2d + 1)... {2d — n + 1) — {n + 2){d + 1)... {d — n + 1)] 


Now posing Ud = {2d — 1)... {2d — n + 1) and (5d = {d — 1)... {d — n + 1), 
we obtain 

Sd = ad [{2d — n){2d — n — l)d — {2d + l)2d{d — n — 1)] 

+ /3rf(n + 2)d [{d + l){d — n — 1) — d{d — n)] 

thus 

( 13 ) Sd = d{n^+ ?,n + 2){ad-fid) 

And as > (5d we obtain that r > r', that is r{d) is a decreasing fnnction 
of d for d > n + 3 . □ 


4. The non-genericity theorem for variations of hypersurfaces 


We now have all the pieces to prove the “non-genericity” theorem : 

Theorem 4. The infinitesimal variations of Hodge structure of hypersur¬ 
faces of dimension n > 3 and degree d > n 3 lie in a proper subvariety of 
the variety of integral elements of Griffiths’s transversality system. 


Proof. Let r G N be the dimension of an infinitesimal variation of Hodge 
structure of hypersurfaces of dimension n > 3 and degree d > n + 3 (the 
residues theory tells us that r = dimi?"^, cf proof of DroDosition l3.4ll . Now the 
proposition 13.41 established that in this case we have the following inequality: 


r > 3 X 




So now using the proposition Eia for a generic E G G{r,H^) we have : 


(14) Symm{4>E) = {0} 

Moreover for any G G{r, H^), we can build E ^Vk ripQ^{E^) by defining 

E = E ^a \ a £ E^^ 

Indeed because re > 3, it is clear that E ^ Vk and obviously po{E) = E^ (the 
± in the de fini tion of E depends on the parity of re). 

So in order to conclude it is sufficient show that for all infinitesimal variation 
of Hodge structure of hypersurfaces T, we have dimpo(d”) = r and 


{0} C Symm { fip ^ iT )) 

So now let T be an infinitesimal variation of Hodge structure of hyper¬ 
surfaces. The residues theory tells us that the action of T on dd"“'?’'?(X) 
(0 < g < re — 1) correspond via the residues isomorphisms to the action in¬ 
duced by the ring multiplication of R. More precisely we have the following 
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commutative diagram : 

1 

Jl^ _^_> horn (i2(5+l)<i-(>^+2)^ ^(g+2)d-(n+2)^ 

The vertical arrows are the residues isomorphisms (or the obvious maps 
induced by them), the upper arrow is the action of T on and the 

lower one is the multiplication in R. Because X is smooth, is a 

regular sequence (see [GH94| 1 and so we can use Macaulay’s theorem which 
states that the multiplication in R is non-degenerate (this is also in jDon83j b 
i.e. : 

V[P] E (V[Q] E [PQ] = [0]) ^ [P] = [0] 

provided a + 6 < (n + 2)(d — 1). But here a = d and b = {q + l)d — (n + 2) 
so we have a + b = {q + 2)d — (n + 2) but as (? < n — 1 we have 

a + b < {n + l)d — (n + 2) < (n + 2){d — 1) 

so non-degeneracy applies to the multiplication in the diagram CSl and gives 
us the following inclnsion : 

R^ ^ horn (^Ri<l+^)d-in+ 2 ) ^ j^{g+ 2 )d-in+ 2 )^ 

We first use this inclusion for g = 0 : we have R‘^ hom(P'’*“("'+^), 

that is, using the residues isomorphisms the other way : 

r-^hom(P'”’°,P"-^’^) 

but this inclusion is in fact po, so we have Po{T) = T, and then dimpo(?") = 
dimP = r. 

We use the same argument for g = 1 : this means that R'^ acts on 
j^ 2 d-(n+ 2 ) non-trivially, in fact we have as before that pi(T) = T, and then 
pi{T) / {0}. But as T E Pq^{po{T)), this means that Pi{Po^ {po{T))) / {0}, 
but proposition ESI says that Symm{4>p^fj^'^) = Pi{Pq^ {po{T))) so that we 
obtain 

{0} C Symm{(l)p^(T)) 

Now the conclusion follows : as dimpo(P) = f and using the fact that a 
generic E E G{r, must satisfy (dJ, Po{T) lies in C a proper subvariety 
of G{r,H^). But then T E Pq^{G) which is also a proper subvariety of the 
variety of integral elements of the Griffiths differential system because po is 
regular and surjective. □ 
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